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I. In t roduc t ion  

I n  t h i s  r e p o r t  we surmarize the r e s u l t s  of t h e  research  e f f o r t s  under Grant 

NSG-1112 through March 14, 1975. The personnel involved i n  t h i s  p r o j e c t  up t o  

t h i s  p o i n t  are Prof.  A.S. Willsky, Prof. N.R. Sandel l ,  D r .  Keh-Ping Dunn, and 

graduate  s tudent  E. Chow. It  i s  an t i c ipa t ed  t h a t  a second graduate  s tuden t ,  

Nr. R. Bueno, w i l l  j o i n t  t h e  research e f f o r t  i n  June 1975 t o  a i d  i n  t h e  s imula t ion  

and eva lua t ion  program. 

The o u t l i n e  of t h i s  r e p o r t  i s  a s  follows. I n  t h e  Sec t ions  1 1 - V I  we d e s c r i b e  

t h e  work t h a t  has  been done so f a r .  Our e f f o r t s  have been concentrated on t h e  

development of an a n a l y t i c a l  framework a n d ' a  computation-simulation package f o r  t h e  

GLR system. This  framework w i l l  provide t h e  b a s i s  f o r  bo th  a n a l y t i c a l  perfomancn, 

eva lua t ion  and f o r  a s imulat ion program. Both of t h e s e  e f f o r t s  w i l l  y i e l d  i n f o r -  

mation on system perfcnnance l i m i t a t i o n s ,  s e n s i t i v i t y  t o  parameter v a r i a t i o n s ,  and 

computat ional ly  e f f i c i e n t  approximations. These i s s u e s ,  which w i l l  be considered 

i n  g r e a t  d e t a i l  during t h e  remaining p o r t i o n  of t h e  g r a n t  per iod ,  are descr ibed  i n  

Sec t ion  V I I .  

11. Sensor and Actuator Junp and Step Failures-Open Loop C a s e  

I n  t h e  work done so f a r ,  we have concentrated on t h e  development of d e t e c t i o n  

algori thms f o r  t h e  fou r  types  of f a i l u r e  models descr ibed below. Computer a lgori thms 

have been developed, and t h e  quest ions of computational s i m p l i f i c a t i o n  and 

performance eva lua t ion  a r e  being considered with r e spec t  t o  t h e s e  four  nodels .  

The more complex problem of ac tua to r  and sensor  g a i n  changes and t h e  ques t ion  of  

f a i l u r e s  t h a t  t a k e  t h e  form of add i t iona l  process  o r  measurement no i se  have rece ived  

some i n i t i a l  a t t e n t i o n  and w i l l  r ece ive  more i n  t h e  near  f u t u r e  ( see  Sec t ion  VII). 
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: t ion mechanisms for t ese o t h e r  f a i l u r e  modes w i l l  bear 

a resemblance t o  those  for  t h e  four t h a t  have received t h e  major i ty  o f  our  a t t e n t i o n  

so f a r .  

the  b a s i c  four models w i l l  g r ea t ly  a i d  t h e  analyses f o r  these o t h e r  Models. 

Thus, t h e  algori thms and performance ana lyses  w e  have and w i l l  c a r r y  o u t  for 

The four basic f a i l u r e  models w e  have considered are (here  x is n-dimensionals 

and z i s  m-dimensional 

1. Actuator  S tep  

2. Actuator  Jump 

3 .  Sensor S tep  

4. Sensor Jump 

where w(k1, v ( k )  are independent white zero mean Gaussian sequences with 

E C w ( k ) w ' ( k )  1 = Q(k)  and E ( V ( k ) V ( k ) ' )  = R ( k ) ,  
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and V i s  a cons tan t  vec to r  of appropriatedernension denoting t h e  "abrupt change". 

The v a r i a b l e  8 has t h e  i n t e r p r e t a t i o n  as t h e  t i m e  of f a i l u r e .  

The motivat ion f o r  t hese  models is given i n  t h e  proposal  f o r  t h i s  r e s e a r c h  

[l] and i n  re ference  121. Note that t h e  a c t u a t o r  jump model number 2 w a s  consi-  

dered i n  [2 ] .  Note t h a t  we could have included a con t ro l  t e r n  i n  these  models. 

For example, we could have replaced (1) by 

W e  w i l l  consider  t h i s  i n  t h e  next sec t ion  i n  which we d i s c u s s  t h e  c losed  loop case. 

Suppose w e  des ign  a Kalman f i l t e r  (KF) f o r  1-4, where we assume t h a t  no 

f a i l u r e  occurs .  The r e l e v a n t  equations a r e  ( see  [l] , 123 f o r  d e t a i l s  of t h e  

no ta t ion )  : 

$(k+llk+l) = [I - K(k+l)H(k+l)]O(k+l,k)~(k(k) + K(k+l)Z(k+l) (12) 

(13 1 -1 K(k) = P(klk-1)H' ( k ) V  (k) 

P(k+llk) = Q(k+l,k)P(klk)@' (k+l,k) + Q(k) 

P(klk) = P(xlk-1) - K(k)H(k)P(klk-l) 

From studying t h e s e  modeis we f i n d  t h a t  both t h e  r e s i d u a l  
Y(k)  = Z(k) - H(k)G(klk-l) and the KF e s t ima te  S(k1k) can be decomposed i n t o  t w o  
par ts  : 
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when t h e  v a r i a b l e s  with s u b s c r i p t 1  denote  t h e  r e s i d u a l  and state estimate res- 

pectively when no failure has occurrs i  and subsc r ip t  2 denote  t h e  "bias" developed 

i n  t h e  Kr' due t o  f a i l u r e .  I n  addi t ion ,  w e  f i n d  t h a t  i n  a l l  ca ses  

where G I  

NOW 

8 and V. 

Then t h e  

Y2(k) = G(k,e)V (19) 

G2(klk) = F(k,8)V (20) 

F are func t ions  of t h e  system matr ices ,k ,  and e only. 
w e  are ready t o  apply t h e  GLR method t o  determine t h e  f a i l u r e  parmeters 

W e  e s t ab l i shed  two hypotheses: 

Ho: no f a i l u r e  has occurred 

HI: f a i l u r e  has occurredat  8 - < k 

GLR can be expressed as 

j=l j= l  

where 6 (k) $(k) are t h e  MLE of 8,V which maximizes R(k). We have t h e  d e c i s i o n  

r u l e  : 
H 
1 

where E i s  some predetermined threshold.  
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A h 

It may be shown t h a t  V(k) i s  a n  e x p l i c i t  func t ion  of 8 (k)  : 

where 
k 

j=l  

(23) 

(24) 

j= l  
h 

Then 8 ( k )  is  t h e  va lue  of 8 < k t h a t  maximizes - 

The s t r u c t u r a l  form of t h e  GLR is given by (23)-(26)  i s  t h e  same f o r  a l l  

fou r  types  of f a i l u r e s .  

of t h e  matrices G and F. 

m a t  r ice s 

The d i f f e rences  among t h e  fou r  a r e  i n  the c a l c u l a t i o n s  

W e  now present  t h e  d e r i v a t i o n  of t h e  eqnat ions  €or t h e s e  

1. A step i n  t h e  state equation 

Thus 

X2(k+l)  = @(k+l ,k )x  (k) 2 

Z (k) = x2(k )  = 0 2 

k+l I 8’ 4-0 , x ( 0 )  = 0 2 (27 1 

(28) 
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F i l t e r  equat ion 

We then  calculate 

A 

x2 ( 0  IO) =o k<e 

j =O 

Hence 

k 

(35) 

( 3 6 )  

(38) 

(33) 

R=O 
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2. A jump in the state equation 

x 2 ( k + l )  = Q ( k + l , k ) x 2 ( k )  V 
+ 'k+1,8 

The r e s u l t  in 1 can easily be extended to this case 

Noting that 

x (k) = o(k,e)V 2 (43) 

and comparing this to (30), we see that we can obtain the desired equations by 

replacing 

with @(j,O). Hence 

We will see that the similarity between these too cases allows us to make some 

algorithmic simplifications. 
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3 .  A s tep  in t h e  m e a s u r e r e n t  equation 

Thus 

V k  x (k) = 0 2 

2 (k)  = 2 

x2 ( 0 )  =o 

k<8 

k=8 

k>8 
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4. A jump i n  t h e  measurement equat ion 

( 5 5 )  x ( O ) = O  
2 

Simil.ar t o  t h e  case  of a jump i n  t h e  s t a t e ,  we note  that Z 2 ( k )  = V 

f o r  k=B, otherwise Z (k)=O. Then we have 
2 

G(k;8)  = 0 

F i n a l l y ,  we note t h a t  t h e  matr ix  G i s  e s s e n t i a l l y  t h e  only  q u a n t i t y  t h a t  

is  needed i n  t h e  implementation of t h e  GLR de tec to r .  

i n  t h e  implementation of a mechanism f o r  compensation following d e t e c t i o n .  

t h e  q u a n t i t y  

The ma t r ix  F' is  of importance 

That is, 

r e p r e s e n t s  t h e  response of t h e  f i l t e r  t o  t h e  f a i l u r e .  

system response t o  t h e  jump is  of t h e  form 

O n  t h e  o t h e r  hand, t h e  

where we can spec i fy  L f o r  t h e  fou r  cases  (see below). 

t e c t i o n  =f a f a i l u r e ,  one might w i s h  t o  c o r r e c t  t h e  estimate v i a  t h e  equat ion  

I n  t h i s  case,  af ter  t h e  de- 
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One can  also update the  error covariance ( to t a k e  i n t o  account our inaccuranc ies  

i n  e s t ima t ing  V) by  gene ra l i z ing  t h e  r e s u l t  i n  121. W e  ob ta in  

The matrices F and L w i l l  also bs useful i n  t h e  cons idera t ions  of  compensating 

c o n t r o l  ac t ion .  

A s t ra ight forward  c a l c u l a t i o n  y i e l d s  r e f e r r i n g  t o  t h e  ea r l i e r  d e r i v a t i o n s ,  

we o b t a i n  

Case 1: 

Case 2: -- 

CEises 3 and 4: 

L ( k , 8 )  Z 0 

k<O 

k> 0 

I n  t h e  next s e c t i o n  w e  consider t h e  e f f e c t  of feedback on t h i s  ana lys i s .  
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111. The Closed Loop C a s e  

Suppose t h e  dynamics i n  our  roodel inc ludes  a term of t h e  form B ( k ) u ( k ) ,  and 

suppose we hypothesize a feedback law of t h e  form 

u (k )  = T(k)G(klk)  ( 6 6 )  

One can show, i n  t h i s  case, that the f i l t e r  r e s i d u a l s  are unchanged, as  t h e  f i l t e r  

compensates for t h e  e f f e c t  of t h e  feedback law. 

a l l  four cases ,  

jump is propagated f r o m  the  system, through t h e  f i l ter ,  and back t o  t he  sys tem again.  

Thus, t he  matr ix  G i s  unchanged i n  

However, t h e  natrices F and L a r e  changed, as t h e  e f f e c t  of t h e  

The fol lowing ana lys i s  y i e l d s  t h e  des i red  equat ions in the c losed  loop case. 

Consider the  system equation (without failures) 

x(k-i-1) = @(k+l,k)x(k) + w(k) + B(k)T(k);(klk) 

Z(k )  = H ( k ) x ( k )  + v ( k )  

and the  a s soc ia t ed  f i l t e r  equations: 

Combining t h e  state and f i l t e r  equations: 
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with t h e  abreviation 

X(k+l) = A(k+l,k)X(k) + r ( k ) W ( k )  

Kote t.hat X(k) i s  o€ dimension 2n. 

The fou r  d i f f e r e n t  cases of f a i l u r e  may be modeled as: 

1. A s tep in t h e  state 

2. A jump i n  the  state 

3 .  A s tep i n  t h e  measurement 

4. A jump i n  t h e  measurement 

X(k+l) = A(k+l,k)X(k) + r ( k )  W(k) + c o  1 (73) 

where V is  t h e  n dimensional " f a i l u r e  vec to r "  f o r  a c t u a t o r  f a i l u r e s  and V is  

the  m dimensional "fai lure  vector" f o r  sensor  f a i l u r e s .  Sepa ra t ing  the e f f e c t  of 
X m 

f a i l u r e  f r o m  noise ,  w e  have, 

X,(k+l) L = A(k+l,k)X2(k) + r (k )D  ; x2 (O)=O (74)  
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where D is  any Of t h e  €our par t io t ioned  " f a i l u r e  vectors" .  Then 

k- 1 

h 

It may be shown t h a t  X (k lk)  and y (k) have t h e  form: 
2 2 

where dimension of V dependends on t h e  type  of f a i l u r e .  

IV.  Computational Considerat ions 

W e  no te  t h a t  i n  gene ra l  t h e  GLF. d e t e c t o r  r e q u i r e s  a growing bank of f i l ters  

-- i .e. w e  must check fo r  a l l  vall ies o f  0 from 0 t o  t h e  pyesent  t i m e .  For practical 

s i t u a t i o n s ,  w e  nay restrict  ' a t ten t ion  t o  "data  windows" -- i .e. a t  t i m e  k w e  on ly  

check values of 8 t h a t  s a t i s f y  

( 7 7 )  k - M<8<k 
I- 

We no te  t h a t  this s t i l l  r e q u i r e s  a g r e a t  deal of Computation, as we must store 

t h e  l a s t  M r e s i d u a l s  and must implement a t  l ea s t  one matched f i l t e r ,  r e q u i r i n g  a 

state of dimension (M+l)m (i.e., we must calculate  equat ion ( 2 5 ) ) .  

One p o s s i b i l i t y ,  descr ibed  i n  the  proposal  [l], involves  t h e  u s e  of the WSSR 

technique (see [l) and [3]  ) , i n  which w e  merely square and sum t h e  residuals.  We 
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have s ince  developed a v a r i a n t  of t h e  GLR which r equ i r e s  e s s e n t i a l l y  t h e  same 

computational e f f o r t  as t h e  WSSR and which w e  f ee l  may prove t o  be an extremely 

useful d e t e c t i o n  tool. Suppose we assume t h a t  V=v is  known. Then, t h e  GLR 

reduces t o  

0 

k 

which is  s t r i k i n g l y  similar t o  the  WSSR. I f  f u r t h e r  s t a t e  t h a t  a t  any t i m e  w e  

w i l l  consider  only 

we remove t h e  opt imiza t ion  over 8 and f u r t h e r  reduce t h e  burden. Note t h a t  w e  may 

wish t o  compute s e v e r a l  d i f f e r e n t  R's f o r  d i f f e r e n t  v ' s  and d i f f e r e n t  models (i.e* 

1-4).  

0 

I n  t h i s  way, although we w i l l  not  d i r e c t l y  o b t a i n  an  estirnate of V,  w e  can 

o b t a i n  f a i l u r e  i s o l a t i o n  information, t h a t  i s  not  a v a i l a b l e  wi th  t h e  WSSR, w i t h  

r e l a t i v e l y  l i t t l e  computation. 

approach, and desc r ibe  our proposed research  i n  t h i s  d i r e c t i o n  i n  Sec t ion  V I I .  

W e  no te  t h a t  a major computational s i m p l i f i c a t i o n  occurs  i f  t h e  system of 

We propose t o  eva lua te  t h e  usefu lness  of t h i s  

i n t e r e s t  and i ts  as soc ia t ed  f i l t e r  a r e  t ime-invariant  (i.e. the f i l t e r  is i n  steady- 

s ta te ) .  I n  t h i s  case 



-16- 

which eases t h e  computational a l g o r i t h i  f o r  determining t h e  GLR equat ions  and greatly 

reduces  t h e  necessary on- l ine  s torage.  

t h e  computer a lgori thms described i n  Sec t ion  V I .  

It is  t h i s  case t h a t  has  been cons idered  i n  

A 
Fina l ly ,  w e  no te  t h a t  t h e  GLR, even i f  w e  consider  f i x i n g  8 = k-M+1, r e q u i r e s  

a f i l t e r  of dimension Mm. 

f i l t e r  (equat ion (25 ) ) .  I t  may be possible, by consider ing age-weighted filters, 

t o  g r e a t l y  reduce t h i s  dimension. 

f u t u r e  (see Sect ion  VII). 

This i s  basically due t o  t h e  l imi t ed  memory mature of the  

This ques t ion  w i l l  also be considered i n  t h e  

V. Othe F a i l u r e  Models 

There are b a s i c a l l y  four o the r  f a i l u r e  models t o  be considered. 

5. Added Actuator Noise 

z ( k )  = H(k)x(k) + v ( k )  

Here 5 is an  a d d i t i o n a l  white  noise  process .  

6. Added Sensor Noise 

x(k+1) = @(k+l ,k)x(k)  + w(k) 

z ( k )  = H(k)x(k)  + v ( k )  + C ( k ) O  
k , e  

7. Change i n  Actuator  Gain 

(81) 

( 8 2 )  

(83 1 

(84) 

(85) 

(86) 
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8. Change i n  Sensor Gain 

x(k+l) = Q(k+l ,k )x (k )  + w ( k )  ( 8 7 )  

We note  t h a t  we can a l s o  consider t h e  closed loop case,  bu t ,  a s  d i scussed  

i n  Sec t ion  111, t h e r e  i s  no d i f f e rence  i f  one cons iders  t h e  ques t ion  of d e t e c t i o n  

only.  Closed loop a n a l y s i s  i s  needed, however, when one wants t o  consider  t h e  

ques t ion  of compensation. 

We have performed some i n i t i a l  ana lyses  f o r  t h e s e  models aRd w e  b r i e f l y  d i s c c s s  

them here.  We note  f i r s t ,  however, t h a t  it i s  q u i t e  poss ib l e  t h a t  t h e  GLR detectors 

€or models 1-4 w i l l  be a b l e  t o  de t ec t  t h e  f a i l u r e s  represented i n  models 5-8. W e  

p l an  t o  i n v e s t i g a t e  t h i s  p o s s i b i l i t y ,  as j.t w i l l  l e ad  t o  an o v e r a l l  r educ t ion  i n  

d e t e c t o r  complexity ( see  Sect ion V I I )  . 
For models 5 and 6, one can show t h a t  y (k) i s  a zero mean random v a r i a b l e  2 

with  precomputable covariance,  which i s  a func t ion  of t h e  covariance of  c ( k )  ( t h e  

exac t  equat ions  w i l l  be reported i n  t h e  next  r e p o r t ) .  

t h a t  t h e  y2(k) a r e  L_ not  white, a n d  the GLR technique i n  t h i s  c a s e  e s s e n t i a l l y  examines 

t h e  c o r r e l a t i o n  behavior of t h e  r e s idua l s .  W e  a l s o  po in t  o u t  t h a t  t h e  f u l l  GLR 

r e q u i r e s  t h e  e s t ima t ion  of  t h e  covariance of 6, which can be accomplished wi th  t h e  

a i d  of techniques such a s  those  o f  Mehra [ 4 ] .  I f  w e  hypothesize a f i x e d  va lue  f o r  

t h i s  covariance,  t h e  requi red  computations become f a r  simpler.  

Note t h a t  a c r u c i a l  p o i n t  is  

The sensor  ga in  model #8 l eads  t o  a nonl inear  es t imat ion-de tec t ion  problem. 

I f  w e  assume t h a t  J is  unknown, we have a nonl inear  es t imat ion  problem ( t h e  product  

Of J and x causes  t h e  problem). I f  w e  assume t h a t  J is  known (e.g., J i s  a l l  zero  

except one row which i s  t h e  negat ive of  t h e  corresponding r o w  of  H-- t h i s  i s  t h e  
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"hard-over" f a i l u r e  model) , one obta ins  
1. 

. where t h e  h can be precomputed ( t h e  p r e c i s e  equat ions w i l l  be reported i n  t h e  next 

progress  r e p o r t ) .  

I t  i s  p o s s i b l e  t o  avoid t h i s  i f  we make an approximation. 

equat ion,  w e  have 

I n  t h i s  case,  the optimal GLR would r equ i r e  the es t imat ion  02 x. 
L- 

Rewriting t h e  sensor  

A 

where e is  t h e  error i n  t h e  est imate  x ( k l  k)  . 
e, our  model i s  of t h e  approximate form 

A s  we can preconpute the  s t a t i s t i c  of  

We have b r i e f l y  discussed how one can handle the e5 tern i n  the cons idera t ion  

of model 6. The term 3x(klk)Ok+l,a r ep resen t s  a s t e p  f a i l u r e  wi th  t h e  s i z e  of t h e  

step modulated by t h e  estiniated 2, which i s  known. 

k+l,0 
h 

h -- 
The de tec t ion  of such a phenomenon involves  problems s imilar  t o  those  encoun- 

t e r e d  i n  model 7 (a l though model 8 is somewhat e a s i e r ,  as a l l  sensor  f a i l u r e  ana lyses  

a r e  s l i g h t l y  more s t ra ight forward  than t h e  corresponding a c t u a t o r  ana lyses ) .  A s  w e  

have performed some a n a l y s i s  for the a c t u a t o r  model 7 ,  w e  w i l l  concent ra te  our  

p r e s e n t  d i scuss ion  on it. 

r epor t .  Consider model 7. Note t h a t  t h e  f a i l u r e  i n  t h i s  case i s  a s t e p  jump 

modulated by the known inpu t s  u ( k ) .  This type  of f a i l u r e  is  a c t u a l l y  an  extension 

of t h e  f a i l u r e  of model 2 ( t h e  actuator  jump wi.th W (j) = M 0 ) u  ( j ) ,  e - l< j<k)  as 

F u l l  analyses  of t h e s e  models w i l l  be given i n  t h e  next  

I- 
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follows : 

Using t h e  r e s u l t s  Me have obtained i n  Sect ion I1 aEd applying supe rpos i t i on  pr in-  

ciple, w e  have 

and 

where F ( k ; j )  and G(k;j) a r e  given b y  (44 )  and (451, r e spec t ive ly ,  and where w e  

have used t h e  f a c t  t h a t  F(k; j )=O and G(k;j)=O when k<j .  

MLE's of 8 and M(j), 8- l<j<k  which maximize R(k) of (21)  is not ar. easy t a sk .  - -  
The c o n t r o l  i npu t s  u ( k )  dependence complicates t h e  whgle de r iva t ion .  

able t o  o b t a i n  a n  expression f o r  bI(jl0;k) 

SO *far w e  are 
A 

(YLE of M ( j )  g iven observa t ions  up t o  

t i m e  k and knowing jump occurs  a t  time 8 )  with t h e  fol lowing assumptions: 

(i) u(k) is a s c a l a r .  

(ii) t h e  matf ix  H' (k)V-'(k)FI(k) i s  i n v e r t a b l e  f o r  all k. 

These assumptions can be re laxed  and w i l l  be discussed i n  t h e  next  r epor t .  

d i scuss ion  on t h e s e  are a l so  giver! i n  Sec t ion  V I I .  

on t i m e  varying case to demonstrate the  complexity of t h i s  problem- 

Some 

We w i l l  on ly  g ive  some results 

The complete 
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d e r i v a t i o n s  and d i scuss ions  of t h i s  model will be r epor t ed  i n  t h e  f u t u r e .  

s ake  of s i lnp l ic i ty ,  l e t  u s  denote 

For t h e  

r ( k )  = [H' (k)V-l(k)H(k)l-l[H'(k)V-l(k) ] (94) 

G (k;6) = €3 (k) '? (k; 8 )  ( 9 5 )  

and t h e r e f o r e  

i(k-21 k-1;k) = n(k-2 A 

h A 

M(k-llk-l;k) = M(k-1 

and f u r t h e r n o r e  

k-1 ; k-1) 

(97) 

(98) 

(99) 

Contrad ic t ing  t o  our  i n t u i t i o n ,  t h e  t i m e  i n v a r i a n t  case is n o t  as easy  as w e  have 

seen  i n  t he  o t h e r  models. 'Fur ther  analyses  of f a i l u r e  of t h i s  type are undertaken. 

A n e a t  recursive formula f o r  M ( j l e ; k ) ,  
h 

e- l<j<k-l  and t h e  u s e  of t h e  e x i s t i n g  
I- 

computer subrout ines  (see next  s ec t ion )  t o  t h i s  problein are a l so  under inves t iga t ion .  

V I .  Computer Routines 

I n  prepar ing  t h e  FORTRAN subrout ines ,  w e  have taken t h e  system t o  be t i m e  

i n v a r i a n t  and t h e  K F  t o  be i n  s tudy  s ta te .  

@, H, K, T. I n  a d d i t i o n  t h e  dependence of G, F, C, on k and 8 becomes dependence 

Hence we have cons t an t  system matrices 
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on R=k-B only. 

follows: 

A l i s t  of ava i lab le  subrout ine and b r i e f  d e s c r i p t i o n s  a re  a s  

A. XGFOL, MGFOL compute and s to re  t h e  G and F mat r ices  f o r  a da ta  window of -- 
width M + 1  f o r  f a i l u r e s  i n  t h e  s t a t e  and measurement r e spec t ive ly  i n  t h e  open 

loop case.  A f l a g  (SJ) determine whether t he  f a i l u r e  is a step (1.0) o r  a 

jmp (0 .0 ) .  

t o  eva lua te .  A simple approach i s  t o  use t h e  fact t h a t  

Upon impecting the func t iona l  fom of F, we f i n d  them cumbarsome 

F(k+1;8) = (PF(k;8) + KG(k+l,e) 

Together w i t h  t h e  expression for  G ,  we have a p a i r  of r ecu r s ive  express ive  

t h a t  can be e a s i l y  implimented on a computer. 

The t h e  i n v a r i a n t  equations t o  be implemented. 

1. A s t e p  i n  the  s t a t e  

F ( % )  = @F(R-1) +,KG(J,)  

F (0 )  = KH 

G ( O )  = H 

2. A jump i n  the  state 

G ( R )  = 0 I H[@' - @ F ( k - l ) ]  

F(%) = @F(R-1) + K G ( 2 )  

F(0) = KH 

G ( 0 )  = H 
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9, . 
N 0 t . e  that EO' = @ (  G... O(@+I)+I ...+ I). 

j =O -- 
RQ' S 

If we s e t  a l l  t h e  1's i n  t h e  equat ion t o  0 w e  g e t  a R . A p a r t  f r o m  t h e  

R 
d i f f e r e n c e  of 9 R and ZC)' i n  t h e  expression for G(2). The equat ions  

for 1 and 2 are t h e  same. 

j =O 

Hence t h e  flay SJ is  used t o  s e t  I t o  be t h e  

i d e n t i t y  o r  0 matr ix .  

3 .  A step i n  t h e  measurement 

G ( O ) = I :  

4. A jump i n  t h e  m e a s u r e m e n t  

R> 0 
, 
I 
I Again, w e  use t h e  same method t o  o b t a i n  one  r o u t i n e  for both of t h e  c a s s .  

The 1's i n  t h e  computation of [ ( I - K H I O I  j and G ( R )  in the  s t e p  case 5 
j=1 

can be set t o  0 i n  order t o  ob ta in  t h e  equat ions  i n  4. 
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I -  

B. GE'CL computes and s t o r e s  the  G & F ma t r i ces  i n  t h e  c losed  loop case. 

f l a g  LTF i s  used t o  ind ica t e s  whether the f a i l u r e  i s  a jump i n  t h e  s t a t e  

(LTF = 1 1 ,  a step i n  the  s t a t e  (21, a jump i n  t h e  measurement ( 3 )  or  a s t e p  

i n  t h e  measurement (4 ) .  

expressions f o r  t h e  system X. 

the  state and f i l t e r  

A - 

This r o u t i n e  does Rot employ the  2n dimensional 

Ins tead ,  it j u s t  use t h e  bas i c  equat ions  of 

x2(k+l) = @X (k) -t BTx  ̂ (klk) + D1 
2 2 

where D and D are t h e  f a i l u r e s  and are never non zero  simultaneausly.  We 

know t h a t  

1 -  2 

x,(%) = F l ( 2 ) V  

where V is t h e  f a i l u r e  of  appropriate  dinension. 

Then 

where 1 I 

t o  zero. For LTF = 1, 

state;  LTF=2, I =O and I =I ' t rb0 ,  LTF-3, 1-0, 12#0, only for k=O; LTF=4, 

I =O, I -I V b O .  

def ined  i n  Sec t ion  11). 

are i d e n t i t y  matrices a t  l e a s t  one of which i s  always forced 
1' 2 

I =0, and I #O only f o r  R=O i n d i c a t i n g  a jump i n  
2 1 

1- - 2 1 

(Note t h a t  i n  t h i s  case  F1 corresponds t o  t h e  matrix L 1 2- - 
A l s o  the  i n i t i a l  condi t ions  f o r  f a i l u r e s  i n  state. and 

measurement are  different state 

Fl(0) =I 

F (0) =KH 

G 1 0 )  =H 
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measurement : P 1( 0 )  =O 

F ( O ) = K  

G ( O ) = l .  

C. GClNV, GTVIPU'V compute and s t o r e  

-1 
C (2) and G'(R)V- '  i n  a very s t ra ight forward  manner. 

D. GEND, GENLOR computes and s t o r e  t h e  vec to r s  d ( 2 )  and G L R ' s  r e spec t ive ly .  

E. STOPCH, MADSUB, NINIT are support subrout ine.  STOFCH stores a mat r ix  i n t o  a 
__I 

b i g  s to rage  or r e t r i e v e a  matr ix  from s to rage ,  YADSUB adds 

matrices. MINIT i n i t i a l i z e s  matr ices  t o  0 or  WI when w i s  a r e a l  cons tan t .  

or  s u b t r a c t s  

The sFrnulati01-1 

A s  a n  i n i t i a l  at tempt t o  examine t h e  e f f ec t ivnness  of t h e  GLR d e t e c t i o n  

scheme, w e  have begun t o  assemble a s imula t ion  package as  ou t l ined  i n  t h e  f l o w  

diagram. Routines have been developed for  s t e p s  1,2,3,8, and 9. There are o t h e r  

computer packages a t  MIT t h a t  can e a s i l y  be modified t o  accomplish s t e p s  4,5,6 and 

7. Steps 10 and 11 are being worked on. F a i l u r e  models 1-4 w i l l  be examined i n  

t h e  sirculation. 

performance, t h e  s imulat ion w i l l  give u s e f u l  i n s i g h t s  i n t o  t h e  practical conside- 

It i s  an t i c ipa t ed  t h a t ,  t oge the r  wi th  t h e  a n a l y s i s  of d e t e c t i o n  

r a t i o n s  of t h e  GLR d e t e c t o r  implementation such a s  t h e  da t a  windows width M and 

t h e  l i ke l ihood  r a t i o  threshold  E. Models 5-8 will also be included i n  the 

s imula t ion  as  t h e  a n a l y s i s  i s  completed. 
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SLiu la t ion  Flow Diagram of GLR de t ec t ion  over a d a t a  Window: k-Md< k - -  

1. Generate 4, Simulation of 

models 1-4 

9. Generate 
2 (k-8) 

6"" 
I 10. Compare I 2 (k-8) >E 

I t o  determine 1 

1. determine _I G(8) 1 

1 6. Steady S t a t  
I(_F g a i n  
cornpu t a t i o n  

I 
7. Compute 

= R+HPH' 
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V I I .  Work To B e  Done 

I n  t h i s  s ec t ion  we descr ibe  t h e  ques t ions  we f e e l  should be considered. 

Some of t h e s e  a r e  being considered and w i l l  be considered during t h e  rena inder  

of t h i s  g ran t  period. 

1. GLR Development 

We p lan  t o  complete our  development of the  GLR equat ions for t h e  8 cases  

descr ibed  i n  t h e  preceding sect ions.  This  includes 

(a)  Completion of t h e  analysis for models 5-8 (Sect ion V ) .  T h i s  involves  

t h e  cons idera t ion  of the  f u l l  GLR problan, and t h e  var ious  s i m p l i f i -  

c a t i o n s  t h a t  one obta ins  by consider ing f ixed  assumed j u m p  s i z e s  and 

f ixed  jump d i r e c t i o n s  (such as changes i n  s i n g l e  c o l u D n s  of Band rows 

of H, corresponding t o  f a i l u r e s  i n  p a r t i c u l a r  a c t u a t o r s  and senso r s ) .  

Development of a complete computer package €or t h e  computation of t h e  

GLR equat ions f o r  t h e  var ious cases  f o r  systems of dinension up to 10. 

(b) 

This inc ludes  the  f u l l  GLR equat lons and t h e  equat ions  f o r  t h e  va r ious  

s i m p l i f i c a t i o n s  developed' i n  ( a ) .  We w i l l  also inc lude  a s imula t ion  

s e c t i o n  i n  t h e  o v e r a l l  package. 

to  assemble, as subroutines developed for o t h e r  p r o j e c t s  a t  M.I.T. 

( inc luding  t h e  1424AC work for t he  F-8 under G r a n t  PISG-1018) can be 

d i r e c t l y  adapted t o  t h e  GLR package. 

This s e c t i o n  w i l l  be r e l a t i v e l y  easy  

2. Ana ly t i ca l  Study of Detect ion Performance 

Some i n i t i a l  results presented i n  [21 i n d i c a t e  t h a t  a methodology can  be 

developed f o r  t h e  c a l c u l a t i o n  of p robab i l i t y  PD of c o r r e c t  d e t e c t i o n  and t h e  

p r o b a b i l i t y  P of false alarm. The p r o b a b i l i t y  P def ined  by 
F F' 
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00 
c 

E 

can be computed from t a b l e s ,  as R is a non-central  Chi-squared random va r i ab le .  

We p lan  t o  ca r ry  t h i s  ana lys i s  ou t  i n  d e t a i l  and t o  consider  t h e  problem f o r  

t h e  o t h e r  fou r  cases. The purpose of t h i s  s tudy  is  t o  ob ta in  da t a  on t h e  t r adeof f  

among t h e  va r ious  system parameters -- t h e  threshold  E, t h e  window lengthM+l,  and 

the  s i z e  of t h e  f a i l u r e s  t h a t  can be de tec ted  (i.e. we w i l l  examir.e P ( V I  as a 

func t ion  of V).  

T be t h e  number of time s t e p s  following a f a i l u r e  before  it i s  de tec ted .  

r e a d i l y  d e r i v e  t h e  following equations f o r  t h e  d i s t r i b u t i o n  of T 

D 

Another important parameter i s  t h e  delay tine i n  de tec t ion .  L e t  

We can 

Assuming we hypothesize a s p e c i f i c  value f o r  t h e  f a i l u r e ,  we can compute P(T=O),  

and t h u s  t h e  problem reduces t o  computing t h e  condi t iona l  p r o b a b i l i t y  i n  (102).  

W e  plan t o  i n v e s t i g a t e  t h e  ca l cu la t ion  of t h i s  quan t i ty .  

These p r o b a b i l i t y  c a l c u l a t i o n s  can a l so  b2 used t o  o b t a i n  use€ul  information 

concerning s i m p l i f i c a t i o n s  of t h e  GLR. For  example, suppose and R a r e  log- 

l i k e l i h o o d  r a t i o s  f o r  two d i f f e r e n t  f a i l u r e  hypotheses. 

"cross-detect ion p robab i l i t y"  

1 2 

A useful quan t i ty  i s  t h e  

E 

That i s ,  P12 is t h e  p r o b a b i l i t y  t h a t  one GLR d e t e c t o r  w i l l  d e t e c t  a f a i l u r e  corres-  

ponding t o  a second hypothesis.  

information as t o  the  e l imina t ion  of  c e r t a i n  f a i l u r e  hypotheses which can be 

By examining such p r o b a b i l i t i e s ,  we hope t o  e b t a i n  



- 

-23- 

actequately de tec ted  by o t h e r  de t ec to r s .  

u s e f u l  info-mation concerning the performance of t h e  computationally s impler  f ixed  

s i z e  GLR system. 

I n  add i t ion ,  t h i s  a n a l y s i s  w i l l  provide 

Much of t h i s  a n a l y s i s  cannot be performed i n  t h e  vacuum of general  models. 

Therefore,  we expect t o  consider  several simple, l o w  order  examples t h a t  capture  

t h e  basic p r o p e r t i e s  of problem. 

des ign  €or higher order  systems. 

Such a n a l y s i s  should provide g u i d e l i n e s  fox GLR 

3. Simulat ion S tud ie s  

W e  p l a n  t o  develop a low-order dynamical system which can be used t o  s tudy 

t h e  p r o p e r t i e s  of t h e  GLR system. Such a s tudy ,  combined with t h e  performance ana- 

l y s i s  descr ibed above, will y ie ld  des i red  information on t h e  performance l i m i t a t i o n s  

of t h e  GLR. The use of one basic model fo r  a v a r i e t y  of tests w i l l  p rovide  us with 

a common b a s i s  f o r  t h e  comparison of t h e  va r ious  GLR systems and any approximations 

t h a t  are developed. 

We eventua l ly  p l an  t o  apply  the  GLR t o  t h e  F-8 a i r c r a f t  (01: another  aerospace 

veh ic l e ,  such a s  t h e  space s h u t t l e  or a control-configured vehicle) ; however, it 

i s  n o t  clear t h a t  such a node1 would be appropr i a t e  €or these  i n i t i a l  tests. 

r e s o l u t i o n  of t he  ques t ion  of t h e  model f o r  these  i n i t i a l  tes ts  w i l l  be made i n  

The 

consu l t a t ion  wi th  NASA-Langley pexsomel. 

4. S e n s i t i v i t y  Analysis 

W e  propose t o  s tudy t h e  e f f e c t  of parameter e r r o r s  on GLR performance. Some 

i n i t i a l  a n a l y s i s  has been performed ind ica t ing  t h a t  s e n s i t i v i t y  equat ions  can  be 

der ived.  We in tend  t o  pursue t h i s  analysis a s  f a r  a s  poss ib le .  I n  paral le l  wi th  
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t h i s  s tudy ,  w e  w i l l  perform a s e r i e s  of s imulat ion r u n s  (using the  same sinple 

model d i scussed  e a r l i e r )  t o  ob ta in  numerical da t a  r e l a t i n g  t o  the  parameter 

s e n s i t i v i t y  of GLR performance. 

5 .  Compensation and Reorganization 

I n  Sec t ion  I1 we descr ibed a poss ib le  a lgo r i t lm  f o r  t h e  compensation of t h e  

Kalman F i l t e r  following t h e  de t ec t ion  of a f a i l u r e .  W e  propose t o  develop analogous 

methods f o r  t h e  o the r  f a i l u r e  models and t o  i n v e s t i g a t e  t h e  q u a l i t a t i v e  behavior 

of t h e  o v e r a l l  system (i.e. does t h i s  feedback compensation add a d e s t a b i l i z i n g  

f e a t u r e  t o  t h e  o v e r a l l  sys tem) .  I n  add i t ion ,  we w i l l  have t o  consider  compensation 

methods f o r  t h e  s impl i f i ed  GLR algorithm which does .no t  provide an e s t ima te  of t h e  

s i z e  o f  t h e  f a i l u r e .  One p o s s i b i l i t y  i s  t o  u t i l i z e  a dual-mode procedure,  i n  which, 

fol lowing d e t e c t i o n  by t h e  s impl i f ied  GLR, we switch t o  t h e  f u l l  GLR f o r  i s o l a t i o n  

and compensation. A second p o s s i b i l i t y  i s  t o  develop a s e t  of compensation r u l e s  

t o  be u t i l i z e d  d i r e c t l y  a f t e r  de t ec t ion  by t h e  s impl i f i ed  GLR. Again, t h e s e  ques t ions  

w i l l  be s tud ied  both v i a  ana lys i s  ani! s inu la t ion .  

W e  no te  t h a t  t h e  type of compensation discussed i n  Sec t ion  11 d e a l s  b a s i c a l l y  

with f i l t e r  compensation, wi th  system cornpensation being accomplished only  through 

t h e  feedback law u=TG. I n  many cases  ( p a r t i c u l a r l y  those  involving a c t u a t o r  f a i l u r e s )  

we w i l l  want t o  take  nore  d i r e c t  compensatory ac t ion .  Severa l  i deas  are d iscussed  

i n  t h e  proposal  [l]. 

6. Computational Sim.plifications 

W e  propose t o  study t h e s e  compensation rr,ethods i n  detai l .  

Severa l  p o s s i b l e  computational s impl i f i ca t ions  have been d iscussed  a l ready .  

These inc lude  t h e  l imi t ed  opt imizat ion over 8 (avoiding t h e  growing d imens iona l i ty  

problem), t h e  s teady-s ta te  a lgori thm ( leadinq t o  t ime- invar ian t  GLR equa t ions ) ,  and 

t h e  f ixed  jump s i z e  and d i r e c t i o n  algorithm (e l imina t ing  t h e  es t imat ion  o f  t h e  

f a i l u r e  s i z e ) .  AS mentioned i n  Section Iv, another  p o s s i b l e  s i m p l i f i c a t i o n  would 
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be t o  f i n d  a lower o rde r  approximate r e a l i z a t i o n  of t h e  GLR algorithm, For ex3m?lc?, 

t h e  GLR algori thm f o r  models 1-4 takes  t h e  form ( i n  t h e  t ime-invariant  ca se )  

The. r e a l i z a t i o n  problem i s  t o  f i n d  four n a t r i c e s  A,C,E,  and N such t h a t  

The GLR implementation descr ibed i n  Sect ion 1 1 - V I  provides  a n  exac t  r e a l i z a t i o n .  

However, t h e  l imi t ed  memory na ture  of t h e  exact  a lgori thm r e q u i r e s  a high-dimensional 

r e a l i z a t i o n .  

the.  exac t  GLR. 

Thus, it seems appropr ia te  t o  seek lower o rde r  approximations t o  

I n  f i l t e r i n g  theory, age-weighted f i l t e r s  o f t e n  behave i n  a 

s imilar  manner t o  t h a t  observed i n  l imited memory f i l t e r s .  Thus, we propose t o  

cons ider  some type of age-weighted lower-order approximation. We p lan  t o  carry 

the a n a l y s i s  of such approximations as  f a r  a s  poss ib l e ,  both through t h e o r e t i c a l  

developments and s imulat ion.  

7. Severa l  Addit ional  Questions 

There are seve ra l  a d d i t i o n a l  quest ions t h a t  w e  would l i k e  t o  consider :  

(a) The GLR as developed is based on t h e  use  of t he  innovat ions sequence 

Y(k) = ~ ( k )  - H(k)R(klk-l)  

Is t h e r e  any b e n e f i t  i n  using t h e  r e s i d u a l s  def ined  by t h e  equat ion 

y ( k )  = z ( k )  - H(k)G(klk) 
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(b) Can we devel09 a GLR a lgori thm f o r  junps i n  t h e  t r a n s i t i o n  matrix. 

That i s ,  cons ider  t h e  de t ec t ion  of chapges i n  dynamics of t h e  form 

x (k+ l )  = @(k+l,k)x(k) + w(k) + Y X ( ~ ) O ~ + ~ , ~  

I t  should be noted t h a t  t he re  are  seve ra l  s imi la r i t i es  between t h i s  

model and models 7 and 8 descr ibed i n  Sec t ion  V .  We a l s o  note  t h a t  

d e t e c t i o n  of  changes i n  0 and S ( t h e  a c t u a t o r  q a i d  can  be i n t e r p r e t e d  

as  d e t e c t i o n  of changes i n  opera t ing  condi t ions.  

The ques t ion  of  system obse rvab i l i t y  must be  addressed. Tho implemen- 

t a t i o n  of t h e  GLR r e q u i r e s  t h e  invers ion  of t h e  matrix C ( k ; 8 ) ,  I f  t h i s  

i nve r se  does no t  e x i s t ,  w e  are  p r e s e n t l y  us ing  a pseudo-inverse in s t ead .  

However, w e  no te  t h a t  C(k; can be i n t e r p r e t e d  as  t h e  information mat r ix  

desc r ib ing  what information about a f a i l u r e  a t  t h e  8 is  p r e s e n t  i n  t h e  

measurements =(e),..., z(k).  

d i f f e r e n t  "pseudo-inverse" f o r  C t h a t  t akes  i n t o  account our  a 

p r i o r i  knowledge about l i k e l y  f a i l u r e  Fades and t h e  o b s e r v a b i l i t y  

behavior f o r  each of them. 

(c) 

Thus i t  may be more desirable to  u s e  a 
. .  

8 .  Appl ica t ion  of t h e  GLR t o  an  Aerospace Applicat ion 

W e  p l an  t o  apply t h e  techniques w e  have developed t o  problem of t h c  d i g i t a l  

c o n t r o l  of  an  aerospace v e h i c l e  (e.9. t h e  F-8 o r  space s h u t t l e ) ,  W e  propose t o  

begin t h i s  par t  of t h e  s tudy  by examining s e v e r a l  f l i g h t  cond i t ions  i n  d e t a i l  i n  

o rde r  t o  o b t a i n  information on t h e  parameter and d e t e c t o r  complexity t r a d e o f f s  

f o r  t h i s  problem. It  is  o u r  eventual a i m  t o  ob ta in  a design procedure over  t h e  

f u l l  f l i g h t  envelope and t o  consider  t h e  e f f e c t s  of t h e  t r u e  nonl inear  model on 

d e t e c t o r  perfcmance. 

Problens 1-3 are being and w i l l  be considered i n  t h e  near  f u t u r e .  Problems 

and 6 w i l l  be considered subsequent t o  t h e  r e so lv ing  of  some of  t h e  ques t ions  4 

i n  1-3. Problems 5 and 8 a r e  somewhat more long-ranoe i n  na ture ,  a l though 

s imula t ions  of t h e  F-8 w i l l  be begun i n  t h e  near  fut i l re .  

7 are somewhat per iphe ra l  and will he considered a s  t i m e  a1.lows. 

T h e  ques t ions  i n  problem 
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